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Passive Stability of a Spinning Skylab
S. M. SELTZER*

NASA George C. Marshall Space Flight Center, Ala.

An analytical investigation is made of the rotational dynamics of a torque-free rigid body which must spin about
a principal axis of intermediate moment of inertia. Massless flexible booms with discrete tip masses are attached
to the body, and the physical characteristics of these appendages are determined so that the rotational dynamics
of the composite body will be stable. The parameter plane stability technique is applied to linearized equations
of motion representing the model with the physical characteristics of a spinning Skylab. The transient response
to external disturbances is predicted in terms of appendage characteristics and vehicle spin rate and then
calculated explicitly in a design example.
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Nomenclature

= coefficients of wobble characteristic
equation (p ranges from 0-4)

= structural damping coefficient in /
direction

= unit matrix of same dimensions as F
matrix

= matrix associated with vector matrix
state equation xf = Fx

= principal moment of inertia of rigid-core
body about / body-fixed coordinate

= principal moment of inertia of body
about / coordinate 7i*+2raF2, 72*,
73* + 2m F2, respectively

= ratios of inertia (72 — 73)/7! and (73 — 7i)
/72, respectively

= stiffness coefficient characterizing non-
rotating boom stiffness

= inverse Laplace transform
= tip mass of boom
= applied torque about / coordinate
= time
= skew symmetric mode of elastic de-

formation
= displacement of m tip mass from

spinning steady state in / direction
( / w = l , 2 )

= perturbation (about spinning steady
state) velocity about i coordinate

= real and imaginary parts of Ap, respec-
tively

\T = wobble-motion state vector
= a positive constant such that k2 = a&i
= steady-state boom dimension in 2-axis

direction from center of mass to tip
mass

= dimensionless inertia ratio
= dimensionless damping ratio
= damping ratio of boom in / direction
= normalized Laplace operator
= generalized skew symmetric coordinate
= nondimensional natural frequency
= dimensionless natural frequency coef-

ficient of boom
= dimensionless time
= state transition matrix
= elements of state transition matrix
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H = steady-state spin rate about 3 axis
co = [H>!, w2, ̂  + H>3]r = angular velocity vector
o>«i = natural frequency of boom in i direc-

tion
()' = differentiation with respect to r
Subscript
i = index referring to three body-fixed

coordinates (/ = 1, 2, 3)

Introduction

IFit should be desired to provide artificial gravity by spinning
the Skylab, the solar panels still must point toward the sun.

The vehicle would be required to spin about a principal axis
of intermediate moment of inertia, which cannot be done
stably. That axis can be made the axis of maximum moment
of inertia by deploying masses on the tips of extendable
booms in a direction perpendicular to the spin axis. A
simplified model of the modified spinning Skylab is described,
and analyses of the stability of motion and the rotational
dynamics are presented.

Model Definition and Equations of Motion

The geometrically complex Skylab1 (Fig. 1) is simplified to
make it analytically tractable. The vehicle is modeled (Fig.
2) as a single rigid-core body with principal moments of
inertia 7£* with 7i* <73* <72*. Attached to the core body
are two flexible massless booms, each of length F and each
having a tip mass m. In the steady state, the principal
moments of inertia of the entire vehicle coincide with the
body-fixed axes and are designated It with 7i < 72 < 73. The
vehicle is assumed to have a steady-state spin velocity H
about the 3 axis, and the angular velocity vector is written in
body-fixed coordinates as <o = [wi, w2, & + w3]T where wt
represents small perturbations about the steady state—i.e.,
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Fig. 1 Skylab.
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Fig. 2 Simplified model.

\wt\ <^ n. Displacements Uim(m = 1,2) of the tip masses
from the spinning steady state are assumed to be small.
Nonrotating boom stiffness is characterized by stiffness coef-
ficients ki. Structural damping is assumed proportional to
elastic deformation velocities and is denoted by coefficients
dt. Rotational dynamics of the vehicle may be represented
by a set of nine differential equations written in variables
u™, Wi. The set may be reduced to six by making the sub-
stitution Ui = Uil — Ui2 where u{ represents the skew sym-
metric mode of the elastic deformations, and hence causes
angular motion about the vehicle's steady-state attitude.
In this investigation, stability of rotational motion is of in-
terest, so only the skew symmetric mode will be considered.
The corresponding linearized equations of motion are

+

and

-2/>ci

1)^3=0 (1)

= 0 (2)

For physical reasons | #,| < 1 (7 = 1, 2), 0 < y5 < 1 (j = 1, 3),
J, > 0, and A:,- > 0. Equations (1) describe wobble motion
(resulting from angular motions about the 1 and 2 axes and
linear motion in the 3 direction). Equations (2) describe in-
plane motion (a combination of angular motion about the 3
axis and linear motions in the 1 and 2 directions).

The boundary associated with infinity on the A-plane is
found by setting the coefficient of A4 equal to zero

yi = i (5)
The stability boundary associated with the imaginary axis
of the A-plane is found by setting A equal to iv in Eq. (3), and
writing the real and imaginary parts of the result as the two
equations

and

2 + yi(v2 - \)K2

= -"2[0 - yi>2 + (yi - o-32 - 1)]

-A3vCKitf2 + >'2)=0 (6)

Eqs. (6) may be solved for the relationship

K2 = - (7)

Finally, a stability boundary may exist that is associated with
the singular case where Eqs. (6) are not independent—i.e.,
when the Jacobian / becomes identically equal to zero2.
The Jacobian of Eqs. (6) is

which is zero when A3, yl9 or v equals zero, or when v2 = 1.
If v2 = 1 is substituted into Eqs. (6), the / = 0 stability bound-
ary is found as

K,K2 = -\ (9)

These stability results corroborate those reported by Barbera.3
The wobble-motion stability requirements may be por-

trayed on a KiK2, K2 parameter plane (Fig. 3). The stable
region may be found by considering the sign of/.2 Double
cross-hatching is used on the boundary associated with the
imaginary axis (including the / = 0 boundary). The hatching
lies on the side of the boundary that is toward the stable
region; in the A-plane, it lies on the left side of the boundary
for increasing v. If / > 0, the hatching in the parameter
plane will also lie on the left side of the boundary as v in-
creases (and on the right side if / < 0). Single cross-hatching
is used similarly on the boundary associated with the origin
of the A-plane. Continuity of cross-hatching must exist at
contour intersections in the parameter plane corresponding
to the origin of the A-plane and to other intersections where the
contours have equal values of v.

The effect of boom flexibility on stability may be assessed
by considering the booms to be rigid; i.e., setting l/cr^2 equal
to zero. The boundary of Eq. (4) becomes K^K2 = 0. The
stable region is thus decreased by boom flexibility, as shown

Stability Analysis

The motion of the vehicle can be described by a nutation
about the axis of angular momentum which, in the absence
of external torques, is inertially fixed. This motion is called
passively stable if the nutation damps out and the vehicle
rotates only about the axis of angular momentum (the effect
of applied torques Tt is to change the attitude of this axis).
The following analysis determines under what conditions
the spinning vehicle can be passively stabilized, assuming
/ l</2</3.

The stability of wobble motion is investigated by obtaining
the characteristic equation from Eqs. (1)

- yi)A4 + A3A3 - - <r3
2 - 1)A2

Regions of stability may be determined by applying the D-
composition technique.2 The stability boundary associated
with the origin of the complex A-plane is found by setting the
coefficient of A° equal to zero in Eq. (3), yielding

KiK2 (4)

NOTES
1. CROSS-HATCHED REGION IS STABILITY REGION

LOST BECAUSE OF FLEXIBILITY
2. ENCIRCLED NUMBERS REFER TO NUMBER OF STABLE

ROOTS OF CHARACTERISTIC EQUATION
3. ADDITIONAL CONSTRAINTS'. 0</ l<l,A3 >0.

Fig. 3 Stability region for wobble motion.
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by the shaded region of Fig. 3. Also, the effect of boom
length and tip mass may be seen by considering their effect on
#1.

Similarly, stability of the in-plane motion may be deter-
mined by examining the characteristic equation obtained from
Eqs. (2)

(1 - y3)A4 + [Ai + A2(l - y3)]A3

[o-!2 + (72
2(1 - y3) + 3(1 - y3) +

[A1(a2
2 - 1 + 4y3) + A.o-

0
4y3)}

(10)

If it is assumed that the stiffness coefficient k2 Is a times as
great as kt and k3, where a is a positive constant, I/a < 1,
and that £1 = £3, the application of £>-composition to Eq.
(10) yields the boundary associated with the origin of the
A-plane

cj2
2 =0 and o-2

2 = 1 — 4y3 (11)

The boundary associated with infinity on the A-plane is
ys = 1. The boundary associated with the imaginary axis of
the A-plane yields the same two boundaries plus an additional
constraint, A2 = 0. No additional boundaries arise from the
/ = 0 condition. The resulting region of stability is shown on
a y3, o-2

2 parameter plane (Fig. 4), which shows the effects of
the boom characteristics on the stability of the in-plane
motion.

Wobble-Motion Dynamics

Once stability has been assured, the transient dynamics of
the wobble motion are of interest. The character of this
motion may be investigated by using the parameter plane
technique.2 From the parameters in characteristic equation
(3), inertia ratios K±K2 and K2 are selected as two adjustable
parameters of interest to the designer—i.e., the effect of
various values of KiK2 and K2 on the wobble-motion dy-
namics will be determined. This is done by finding the re-
lationship between these two parameters and the roots of
Eq. (3). The relationship may be shown by mapping a
convenient contour from the A-plane onto the K±K2, K2
parameter plane. The contour selected is the line

(12)

where vn = v(l - £2)~1 / 2 . Any root of Eq. (3) lying on this
contour will have a specified damping ratio £. This line is
mapped onto the parameter plane by substituting Eq. (12)
into Eq. (3), which may be written in the form

= o

NOTES?
1. SEE NOTE 2, FIG, 3
2. ADDITIONAL CONSTRAINT: A >0

Fig. 4 Stability region for in-plane motion.

; (apKlK2 + bpK2 + cp)\p = 0 (13)

where values for coefficients ap, bp, cp are found in Table 1.
If Ap is written as the sum of its real and imaginary parts,

X* = Xp + iYp (14)

values of Xp and Yp may be found from the recurrence
formulas,

Yp+i -f 2£,vnYp
Jr vn

2Yp-i = 0 (15)

where it is seen from Eqs. (12) and (14) that X0 = 19 F0 = 0,
Xi = -£vn9 and yt = vn(l - £2)1/2- Substituting Eq. (14)
into Eq. (13) and separating the resulting real and imaginary
parts, one obtains two simultaneous algebraic equations that
may be solved for parameters KiK2 and K2

- B2CL)IJ9 K2 = (A2Ct -
= A1B2-A2B1 (16)

where

and

S bP
P=Q

= 2 cpXp
p=Q

= E aPYr, C2 = (17)

Equations (16) define the parameter plane contour corre-
sponding to Eq. (12) in the A-plane for a chosen value of £
and coefficients ap, bp, cp. Each contour is plotted as a func-
tion of the nondimensional natural frequency vn.

The real roots of the system may also be mapped from the
A-plane onto the parameter plane. Each selected value
T] of a real root is substituted for A in characteristic Eq. (13).
The resulting equation will define a contour on the parameter
plane representing the selected location T? of the real root.

The response of the system in terms of variables wi9 w2, /x3
may be found by casting Eqs. (1) in the form

x' = Fx

where the vector x is defined as

and the matrix F is

1

(18)

(19)

F =

0 (yi + .
1-yO 0
0 0
0 -(K* H

0 0
0 (1 - yi)

(y i -cT 3
2 - l ) -A3

The response x(r) may then be found from

x(r) = 0(r)x(0)

(20)

(21)
where x(0) is the initial condition vector and O(r) is the state
transition matrix

Table 1 Coefficients of wobble;
characteristic equation

P aP bp cp

0 — (a3
2 + l)

1 -A3
2 -1
3 0
4 0

-yi
0

— yi
0
0

0
0

1 -f cr3
2 — yt

A3
l -yi
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F]'1} (22)

In evaluating <J>(T), the roots of the characteristic equation (3)
are the roots of the determinant \XE— F\ and may be
taken directly from the parameter plane (for example, if
initial conditions exist only on w{ and w2 —i.e.

x(0) = [*io,Jc2o,0,0]r

the WI(T) response is found from

where

A3A/(l-y i)

(23)

(24)

(25)

Example

The model described by Eqs. (1) and (2) is used to represent
a spinning Skylab. Representative values for the coefficients
in Eq. (3) are given in Table 2. If the values are substituted

Table 2 Physical characteristics of Skylab

/!* = 1.01 x 106 kg m2 T = 23.3 m
72* = 6.90 x 106 kg m2 m = 227 kg
73* = 6.85 x 106 kg m2 kl = k3 = 146 N/m

k2 = 7.4 x 104 N/m
dt = 0.04(A:£m)1/2

ft = 0.6 s'1

If the values of Table 2 and Eqs. (26) are substituted into
Eq. (21), the response for the Skylab model is found. For
example, from Eq. (24)

Wl(T) = 1.0978e-°-0005672T cos(0.2854T +0.3274)^(0)
+ 0.09359e-°-03281T cos(1.761r + 4.1270)n>2(0) (27)

For H>i(0) = w>2(0) =0.001, the response WI(T) is plotted in
Fig. 6. Similarly, w2(r) and /^(T) are also determined and
shown in Figs. 7 and 8.

0.0004

-0.0004 -

-0.0008 -

into Eqs. (16), ^-contours may be plotted on the KiK2, K2
parameter plane as functions of vn (Fig. 5). Stability bound-
aries defined by Eqs. (4, 7, and 9) are also plotted in Fig. 5.
Real root boundaries are found to be outside the stable
region and hence are of no interest in the Skylab problem.

A typical design point for Skylab is shown on the parameter
plane. It corresponds to the physical characteristics shown
in Table 2. The corresponding roots of the characteristic
equation are seen to have damping ratios £ and nondimensional
natural frequencies vn of

0.003

and
£ = 0.002, vn = 0.2854

£-0.01863, vn = 1.7612 (26)

NONDIMENSIONAL NATURAL
FREQUENCIES ( V n ) ARE
INDICATED BY THE FOLLOWING
SYMBOLS:

vn = 1J60 0
vn = 1.773 Q
vn = 1.788 A
^n = 0.3 x
^n = 0.5 ©
^n = 0.7 *

-0.8 -0.6 -0.4 -0.2 0

Fig. 5 K2 vs K±K2 parameter plane plot.

1 2

-0.003

-0.0008

-0.0012

Fig. 7 H>2 VS T.

50 100 150 200 -250

Fig. 8 ju-3 vs T.
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Conclusion

It has been shown that it is possible to stabilize passively
the motion of a simplified model of a spinning Skylab by
deploying flexible booms, thus altering the moments of
inertia. Analytical results indicate the required boom-
stiffness properties for given vehicle mass properties and spin
rates to achieve passive stability. Furthermore, the use of the
simplified model leads to results amenable to physical inter-
pretation.

To gain confidence that these results will apply to the actual
Skylab, an additional step is being implemented. A detailed
digital simulation model of the spinning Skylab vehicle has

been developed at the Marshall Space Fight Center, and
results compare favorably with those of the simplified model.

References
1 Chubb, W. B. and Seltzer, S. M., "Skylab Attitude and Pointing

Control System", TND-6068, 1971, NASA.
2 Siljak, D. D., Nonlinear Systems, Wiley, New York, 1969,

pp. 4-51, 33-37, 404-406, and 455-457.
3 Barbera, F. J., "Attitude Stability of Spinning Flexible Space-

craft," Ph.D. dissertation, 1971, Univ. of California, Los Angeles,
Calif.

SEPTEMBER 1972 J. SPACECRAFT VOL. 9, NO. 9

Supersonic Dynamic Stability Experiments on the Space Shuttle
K. J. ORLIK-RUCKEMANN*, J. G. LABERGE| AND E. S. HANFFJ
National Aeronautical Establishment^ Ottawa, Ontario, Canada

A wind-tunnel study was performed of the longitudinal dynamic stability of the shuttle spacecraft at supersonic
speeds. In particular, the study included the determination of the damping-in-pitch characteristics of the orbiter
and of the booster, both separately and in a mated launch configuration, and the investigation of the effect of a
simulated rocket exhaust plume and of the static and dynamic interference during abort separation. Static
interference is defined here as caused by the proximity of the second vehicle when that vehicle is stationary,
whereas dynamic interference denotes the same effect, but with the other vehicle performing an oscillatory
motion. It was found that, in general, the static interference effects were small, whereas, for the case of the
orbiter and the booster performing synchronous oscillations, the dynamic interference effect was very large and
could lead to a strongly negative damping of the orbiter.

Introduction

THE unconventional configurations employed for the space
shuttle and its often rather unusual flight conditions render

the analytical prediction of its aerodynamic characteristics
extremely difficult. Thus in many cases the experimental
data constitute the sole source of information. One such
area where a heavy dependence on experiments is necessary
involves the prediction of the dynamic stability characteristics
of the shuttle. Although often not of critical importance for
the preliminary design, this information usually is required for
the complete performance analysis. In addition, there are
several flight conditions, such as the ascent of the launch con-
figuration, some phases of the abort separation, and the tran-
sitional flight of the orbiter, where the dynamic stability charac-
teristics of the shuttle may very well prove to be significant in
the final design and formulation of operational procedures.

This paper describes the dynamic stability experiments on
the shuttle, which were performed as part of the internal re-
search program of the National Aeronautical Establishment
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(NAE). In addition to discussing certain new concepts and
new techniques which were specially developed for these ex-
periments, the paper contains a representative selection of
dynamic stability results for the shuttle, including certain un-
usual interference effects such as those occurring during an
abort separation and in the presence of an exhaust plume.
Oil-flow visualization pictures and high-speed shadowgraph
movies are used to illustrate some of the complex flowfields
involved in these cases.

Experimental Arrangement

The experiments were performed on 1/360 scale models of
the fully reusable shuttle spacecraft, which were manufactured
and supplied by NASA Langley Research Center. Models
typical of both the low cross-range and the high cross-range
configurations were investigated. The former were repre-
sented by a straight-wing orbiter and a straight-wing booster,
and the latter by a delta-wing orbiter and swept-wing canard
booster. Details of the two sets of models are given in Refs.
1-3. The pitching moment derivatives of both orbiters were
referred to the total wing area and the wing mean aerodynamic
chord, while a scaled-down standard reference area (10,000 ft2)
and reference length (200 ft) were used for the two boosters.
The distance of the axis of oscillation (and the moment refer-
ence point) from the model nose, referred to the model length,
was 0.612 and 0.610 for the straight-wing orbiter and booster,
respectively, and 0.456 and 0.465 for the delta-wing orbiter
and booster.


